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ABSTRACT
Exoplanet discoveries over recent years have shown that terrestrial planets are exceptionally common.
Many of these planets are in compact systems that result in complex orbital dynamics. A key step
toward determining the surface conditions of these planets is understanding the latitudinally dependent
flux incident at the top of the atmosphere as a function of orbital phase. The two main properties of
a planet that influence the time-dependent nature of the flux are the obliquity and orbital eccentricity
of the planet. We derive the criterion for which the flux variation due to obliquity is equivalent to the
flux variation due to orbital eccentricity. This equivalence is computed for both the maximum and
average flux scenarios, the latter of which includes the effects of the diurnal cycle. We apply these
calculations to four known multi-planet systems (GJ 163, K2-3, Kepler-186, and Proxima Centauri),
where we constrain the eccentricity of terrestrial planets using orbital dynamics considerations and
model the effect of obliquity on incident flux. We discuss the implications of these simulations on
climate models for terrestrial planets and outline detectable signatures of planetary obliquity.
Keywords: astrobiology – planetary systems – stars: individual (GJ 163, K2-3, Kepler-186, Proxima
Centauri)
1. INTRODUCTION
Exoplanetary science is rapidly requiring the need
for characterization techniques for terrestrial planets as
their discovery rate continues to increase. The Ke-
pler mission has demonstrated that planet frequency in-
creases with smaller size (Fressin et al. 2013; Howard
2013; Petigura et al. 2013), implying that the Tran-
siting Exoplanet Survey Satellite will discover numer-
ous examples of terrestrial planets around bright host
stars (Ricker et al. 2015; Sullivan et al. 2015). Sig-
nificant attention is given to those planets that lie
within the Habitable Zone (HZ) of their host stars
(Kasting et al. 1993; Kopparapu et al. 2013, 2014), al-
though the HZ is primarily a target selection tool for
future atmospheric studies (Kane & Gelino 2012a). In
the meantime, General Circulation Models (GCMs) are
used to provide our best estimate of the surface con-
ditions for discovered HZ planets (Wordsworth et al.
2010, 2011; Leconte et al. 2013; Wolf & Toon 2013;
Yang et al. 2013; Wolf & Toon 2014; Yang et al. 2014;
Leconte et al. 2015; Kopparapu et al. 2016).
A primary driving force in GCMs affecting surface
conditions, climate dynamics, and seasonal variations,
skane@ucr.edu
is the instellation flux on the planet (Kaspi & Showman
2015). Two primary factors effect the variability of
the instellation flux: orbital eccentricity and obliq-
uity. Tidal effects can occasionally play a significant
role for planets in eccentric orbits and/or involved
in planet-planet interactions (Barnes et al. 2008, 2009)
and may even push the planet into a runaway green-
house scenario (Barnes et al. 2013; Driscoll & Barnes
2015). The effect of eccentricity on planetary at-
mospheres and subsequent climate variations follows
a Keplerian pattern of long winters interrupted by
brief periods of “flash heating” during periastron pas-
sage (Williams & Pollard 2002; Dressing et al. 2010;
Kane & Gelino 2012b; Bolmont et al. 2016). The obliq-
uity of a planet’s rotational axis undergoes short and
long term oscillations due to perturbations from other
planetary bodies in the system (Laskar 1986). Fluc-
tuations in planetary obliquity can have large ef-
fects on climates (Williams & Kasting 1997) and ex-
treme obliquities can move the outer edge of the
HZ (Williams & Pollard 2003; Armstrong et al. 2014;
Linsenmeier et al. 2015). Of the two primary factors, or-
bital eccentricity is currently a far more accessible mea-
surable than obliquity. However, for systems in which
we have constraints on eccentricity, we can determine
the range of obliquities that drive the variation of in-
stellation flux.
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Figure 1. A map of the maximum incident flux received by an Earth analog as a function of latitude and phase. The phase of
φ = 0.0 corresponds to periastron passage of the planet.
Here, we describe the latitudinal flux incident on an
exoplanet as a function of obliquity, eccentricity, and
orbital phase. We further show how eccentricity con-
straints from radial velocity (RV) measurements or dy-
namical constraints can be used to model obliquity-
dependent flux variations and locate regions where the
changes in flux due to obliquity are equivalent to those
due to eccentricity. In Section 2 we formulate the time
variable flux and equate regions of flux change in obliq-
uity and eccentricity parameter space, both for maxi-
mum and average flux scenarios. In Section 3 we pro-
vide stability criteria for known terrestrial planets in the
GJ 163, K2-3, Kepler-186, and Proxima Centauri sys-
tems and model their potential flux maps as a function
of obliquity. In Section 4 we discuss the implications of
the flux variations for surface temperatures and atmo-
spheric conditions in so far as they effect habitability.
We provide concluding remarks and suggestions for fu-
ture work in Section 5.
2. THE TIME VARIABLE FLUX
Here, we consider the orbital eccentricity and the
obliquity of the planetary rotation axis as sources of vari-
able flux as a function of latitude. For a given eccentric-
ity, e, semi-major axis, a, and star-planet separation, r,
the maximum flux occurs at periastron, r = a(1−e), and
the minimum flux occurs at apastron, r = a(1 + e). In
Section 2.1, we calculate maximum incident flux (when
the star crosses the local meridian) for a given latitude.
This maximum flux can be considered the instantaneous
flux, or the latitudinal flux received as a planet nears
synchronous rotation (tidal locking). In Section 2.2, we
calculate the average the flux over the diurnal cycle of
the planet, which applies to planets whose rotation pe-
riod is significantly smaller than the orbital period.
2.1. Maximum Flux Variation
The maximum flux at latitude β is given by
F =
L⋆
4pir2
(sin δ sinβ + cos δ cosβ)
=
L⋆
4pir2
cos |β − δ| (1)
where L⋆ is the stellar luminosity. The solar declination,
δ, is given by:
δ = θ cos[2pi(φ−∆φ)] (2)
for which φ is the orbital phase, ∆φ is the offset in phase
between periastron and highest solar declination in the
northern hemisphere, and θ is the obliquity. For the
Earth, ∆φ = 0.46 and θ = 23.5◦. Figure 1 is an in-
cident flux map for an Earth–Sun analog as a function
of latitude with contours of constant flux throughout a
complete orbital phase. The phase of φ = 0.0 corre-
sponds to the planet’s periastron passage.
The aim of the calculations here is to determine values
of e and θ where the maximum change in flux during an
orbit, ∆F , are equivalent at a given latitude, β. For
the change in flux due to e, we assume θ = 0◦, and
likewise for the change in flux due to θ, we assume e =
0. For eccentricity, the maximum change in flux is the
difference in flux between periastron and apastron:
∆Fe=
L⋆
4pia2(1− e)
cosβ −
L⋆
4pia2(1 + e)
cosβ
=
L⋆
4pia2
cosβ
(
1
1− e
−
1
1 + e
)
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=
L⋆
2pia2
e
(1− e2)
cosβ (3)
For obliquity, the maximum change in flux occurs amidst
the difference between the minimum and maximum solar
declination. When θ ≤ 45◦ and θ ≤ β ≤ 90◦ − θ, this
can be expressed as:
∆Fθ =
L⋆
4pia2
cos(β − θ)−
L⋆
4pia2
cos(β + θ)
=
L⋆
4pia2
[cos(β − θ)− cos(β + θ)]
=
L⋆
2pia2
sinβ sin θ (4)
For β < θ, the following applies:
∆Fθ =
L⋆
4pia2
[1− cos(β + θ)] (5)
and for β > 90◦ − θ, the following applies:
∆Fθ =
L⋆
4pia2
cos(β − θ) (6)
Thus, the maximum flux changes due to eccentricity
and obliquity are equivalent where ∆Fe = ∆Fθ . Solving
for obliquity in the regime θ ≤ β ≤ 90◦− θ, we combine
Equations 3 and 4:
L⋆
2pia2
e
(1− e2)
cosβ=
L⋆
2pia2
sinβ sin θ
e
(1− e2)
= tanβ sin θ
θ=arcsin
[
e
(1− e2) tanβ
]
For β < θ, we combine Equations 3 and 5:
L⋆
2pia2
e
(1− e2)
cosβ=
L⋆
4pia2
[1− cos(β + θ)]
e
(1 − e2)
=
1− cos(β + θ)
2 cosβ
θ=arccos
[
1− 2 cosβ
e
(1− e2)
]
− β
For β > 90◦ − θ, we combine Equations 3 and 6:
L⋆
2pia2
e
(1− e2)
cosβ=
L⋆
4pia2
cos(β − θ)
e
(1− e2)
=
cos(β − θ)
2 cosβ
θ=β − arccos
[
2 cosβ
e
(1− e2)
]
Solving for eccentricity results in:
e =
√
1 + f(θ, β)2 − 1
f(θ, β)
(7)
Figure 2. Orbital eccentricity as a function of the obliquity
of the rotational axis. The lines of constant latitude represent
equivalence of flux variation received (∆Fe = ∆Fθ) during
one complete orbital period.
where the function f(θ, β) for θ ≤ 45◦ is given by:
f(θ, β) =


2 tanβ sin θ for θ ≤ β ≤ 90◦ − θ
1−cos(β+θ)
cosβ for β < θ
cos(β−θ)
cosβ for β > 90
◦ − θ
(8)
Equations 7 and 8 allow the calculation of orbital ec-
centricities for which the total change in incident flux is
the same as obliquities with θ ≤ 45◦. Using the same
methodology for θ > 45◦, the function f(θ, β) is given
by:
f(θ, β) =


1
cos β for θ ≥ β ≥ 90
◦ − θ
1−cos(β+θ)
cos β for β < 90
◦ − θ
cos(β−θ)
cos β for β > θ
(9)
Shown in Figure 2 are the locations of eccentricity and
obliquity where the flux variation during a complete or-
bital phase are equivalent to each other. We plot this
for latitudes ranging from β = 0◦ to β = 90◦ in steps
of 10◦. At latitudes close to the poles, the variation be-
tween winter and summer incident flux increases as the
pole is tilted toward the ecliptic plane. The minimum
flux for an eccentric orbit e < 1 will never reach zero,
even at apastron. Thus, an obliquity of θ = 90◦ ap-
proaches a boundary condition where the flux difference
is equivalent to that of a hyperbolic orbit.
There is a difference that should be noted for the
change in flux due to eccentricity and obliquity. Al-
though the flux variation due to obliquity at a given
latitude varies sinusoidally, the flux variation due to
eccentricity varies based on the star-planet separation
produced by a Keplerian orbit. Therefore, though the
total change in flux is the same, the rate at which the
flux varies between minimum and maximum are differ-
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Figure 3. A map of the incident flux received by an Earth analog, averaged over the diurnal cycle, as a function of latitude and
phase. The phase of φ = 0.0 corresponds to periastron passage of the planet.
ent for the eccentricity and obliquity scenarios, likely
resulting in a different atmospheric response over the
orbital phase time scale.
2.2. Diurnal Cycle Effects
For planets where the rotation period is significantly
less than the orbital period, the average incident flux as
a function of latitude may be used. For this purpose,
Equation 1 is modified as follows
F =
L⋆
4pir2
(sin δ sinβ + cos δ cosβ cosh) (10)
where h is the is the hour angle of the star with respect
to the local meridian. The fraction of planetary rotation
period that experiences daylight for a given latitude is
∆tdl =
2 arccos(− tan δ tanβ)
360◦
(11)
For obliquities of θ > 0◦, there will be latitudes that
experience constant day/night during the course of an
orbital period. These situations are defined by the crite-
ria that if β+ δ > 90◦ or β+ δ < −90◦ then ∆tdl = 1.0,
and if β−δ > 90◦ or β−δ < −90◦ then ∆tdl = 0.0. The
average flux at a given latitude can then be calculated
by accounting for the change in flux as a function of h
and the fractional daylight time. Figure 3 is an incident
flux map averaged over the diurnal cycle for an Earth–
Sun analog as a function of latitude. The comparison
with Figure 1 shows the impact of including the effect
of constant daylight periods on the polar regions.
As for Section 2.1, we now calculate the values of e
and θ where the change in the average flux during an
orbit, ∆F , are equivalent at a given latitude, β. For the
eccentricity case with θ = 0◦, the average flux is equiv-
Figure 4. As for Figure 2, this figure shows the orbital ec-
centricity as a function of the obliquity of the rotational axis,
but now includes the effect of the diurnal cycle. The lines
of constant latitude represent equivalence of flux variation
received (∆Fe = ∆Fθ) during one complete orbital period.
alent to the amplitude shown in Equation 3 multiplied
by the average of a sine function including the effect of a
day/night cycle. This leads to an additional 1/pi factor,
as follows
∆Fe =
L⋆
2pi2a2
e
(1− e2)
cosβ (12)
For obliquity, the introduction of the hour angle and
fraction daylight in Equations 10 and 11 produce a non-
trivial calculation of ∆Fθ for various obliquity and lat-
itude ranges. We solve this by numerically calculating
regions where ∆Fe = ∆Fθ. The result of these calcula-
tions are summarized in Figure 4 where, as for Figure 2,
we plot lines of constant latitude from β = 0◦ to β = 90◦
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in steps of 10◦. The main effect of including the diur-
nal cycle is to smooth the relationship with eccentricity
due to the averaging of the flux received for a given
latitude. Additionally, the diurnal cycle increases the
equivalent eccentricity at high latitudes, as the change
in average flux is larger than for the maximum flux case
described in Section 2.1. The combination of the two
factors, eccentricity and obliquity, are investigated for
specific planets in the case studies that follow.
3. CASE STUDIES
Here, we apply eccentricity constraints through sta-
bility considerations to four of the known exoplanets:
GJ 163 c, K2-3 d, Kepler-186 f, and Proxima Centauri
b. These are then used to determine latitudinal flux
maps of the planets as a function of orbital phase for
fixed obliquities, including diurnal effects. The four ex-
oplanets were carefully chosen from the known terres-
trial exoplanets considering their proximity to the HZ
and the diversity of the system architectures. System
parameters were extracted from the NASA Exoplanet
Archive (Akeson et al. 2013) and relevant publications
(see Table 1).
Table 1. Stellar and Planetary Parameters
Parameter GJ 163 c a K2-3 d b Kepler-186 f c Proxima Centauri b d
Star
Spectral Type M3.5 V M0.0 V M1 V M5.5 V
V 11.811 ± 0.012 12.17 ± 0.01 15.65 11.13
Distance (pc) 15.0 ± 0.4 45± 3 151± 18 1.295
Teff (K) 3500 ± 100 3896 ± 189 3788± 54 3050 ± 100
M⋆ (M⊙) 0.40 ± 0.02 0.60 ± 0.09 0.478 ± 0.055 0.120 ± 0.015
R⋆ (R⊙) – 0.56 ± 0.07 0.472 ± 0.052 0.141 ± 0.021
L⋆ (L⊙) 0.0196 ± 0.001 0.065
e 0.0412 ± 0.069 0.00155 ± 0.00006
CHZ (AU) 0.145–0.282 e 0.262–0.500 e 0.21–0.40 e 0.041–0.081 e
OHZ (AU) 0.115–0.297 e 0.207–0.527 e 0.17–0.42 e 0.032–0.086 e
Planet
P (days) 25.63 ± 0.03 44.5631+0.0063−0.0055 129.9459 ± 0.0012 11.186 ± 0.002
e 0.099 ± 0.086 < 0.162 e < 0.628 e < 0.35
ω (◦) 227± 80 – – 310
Mp (M⊕) 6.8± 0.9 3.97
e 1.54 e 1.27+0.19−0.17
Rp (R⊕) – 1.52
+0.21
−0.20 1.11
+0.14
−0.13 –
a (AU) 0.1254 ± 0.0001 0.2076+0.0098−0.0108 0.356 ± 0.048 0.0485
+0.0051
−0.0041
RH (AU) – 0.004
e 0.005 e –
aBonfils et al. (2013); Tuomi & Anglada-Escude´ (2013)
bCrossfield et al. (2015)
cQuintana et al. (2014)
dAnglada-Escude´ et al. (2016)
eCalculated in this work.
3.1. Stability Criteria
Of the four systems considered here, two were discov-
eries using the RV technique (GJ 163 and Proxima Cen-
tauri). The planets in these systems have measurements
and subsequent constraints placed upon their orbital ec-
centricities from the Keplerian fit to the RV data. The
remaining two systems, K2-3 and Kepler-186, were de-
tected using the transit method with scant RV data ob-
tained. These two systems thus have limited information
available for the planetary orbital eccentricities. Obser-
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vations of compact Kepler systems indicate that such
planets are likely to be in circular orbits (Kane et al.
2012; Van Eylen & Albrecht 2015). However, here we
use stability considerations to determine the maximum
eccentricities allowed for planets in those systems.
We use a similar methodology for orbital stability to
that used by Crossfield et al. (2015) and Sinukoff et al.
(2016). The masses of the transiting planets (Mp)
were calculated using the mass-radius relationships of
Weiss & Marcy (2014). For two-planet systems, a crite-
rion for stability was numerically estimated by Gladman
(1993), requiring that the separation of the planets ex-
ceed about 3.5 mutual Hill radii (RH,Mp), given by
RH,Mp =
[
Mp,in +Mp,out
3M⋆
]
] 1
3 (ain + aout)
2
(13)
where M⋆ is the mass of the host star and the “in/out”
subscripts refer to the inner and outer planets in the
system. For multi-planet systems, a long-term stabil-
ity criterion established by Smith & Lissauer (2009) re-
quires that ∆ > 9 for adjacent planets where ∆ =
(aout − ain)/RH . For three adjacent planets, the cri-
terion becomes ∆in + ∆out > 18, where ∆in and ∆out
are the ∆ calculations for the inner and outer adjacent
planet pairs respectively. By modifying Equation 13
with a (1 − e) multiplicative factor to account for ec-
centricity, we are able to determine eccentricities that
satisfy the above stability criteria. The results of these
calculations for individual systems are described in the
sections specific to those systems below.
3.2. Habitable Zone
To calculate the HZ boundaries of the four planetary
systems studied here, we use the methodology described
by Kopparapu et al. (2013, 2014). There are two in-
ner and two outer boundaries calculated, the extent of
which depend on assumptions regarding how long Venus
and Mars were able to retain liquid water at their sur-
faces. These are referred to as the Conservative Hab-
itable Zone (CHZ) and the Optimistic Habitable Zone
(OHZ), for which a detailed description can be found in
Kopparapu et al. (2013). Our calculations for the CHZ
and OHZ boundaries for each of the systems are shown
in Table 1.
Figure 5 shows a top-down view of the systems, includ-
ing the planetary orbits and the CHZ (light-green) and
OHZ (dark-green) regions. The size along a panel side
(scale) in the figure is indicated in the top-right corner
of each panel. The parameters used to plot the plan-
etary orbits are those from Table 1 and the associated
references. For K2-3 d and Kepler-186 f, we have used
the maximum eccentricities for those planets using the
calculations of Section 3.1 and described further in Sec-
tions 3.4 and 3.5. The percentage of a complete orbital
period spent within the OHZ for each of the four planets
are 86% (GJ 163 c), 56% (K2-3 d), 33% (Kepler-186 f),
and 94% (Proxima Centauri b).
3.3. GJ 163
The known planets orbiting the low-mass star GJ 163
were discovered by Bonfils et al. (2013). Their analy-
sis of the RV data indicated the presence of five peri-
odic signals, two of which were attributed to possible
stellar activity sources. The three-planet solution in-
cludes a 6.8 Moplus planet (planet c) in a ∼25 day
period orbit. We adopt this three-planet solution and
use the stellar parameters of Bonfils et al. (2013) and
Tuomi & Anglada-Escude´ (2013), as shown in Table 1.
The Keplerian orbit of planet c reveals an orbital ec-
centricity of e ∼ 0.1 which we utilize in our models. Ac-
cording to Figure 2, an obliquity of θ = 16◦ produces an
equivalent flux variation to that produced by the e = 0.1
eccentricity at a latitude of β = 20◦. For a circular orbit
(e = 0.0), the maximum flux received by planet c would
be 1705 Wm−2 (1.25 F⊕). Using the measured eccen-
tricity, the maximum flux (during periastron passage) is
2100 Wm−2 (1.54 F⊕).
Shown in Figure 6 are three incident flux maps for the
planet GJ-163 c. As with Figure 1, the flux maps are
a function of latitude and orbital phase with contours
of constant flux. The phase of φ = 0.0 corresponds to
the planet’s periastron passage. All three panels use
the known eccentricity of e = 0.099. The top panel as-
sumes an obliquity of θ = 20◦ and a phase offset between
periastron and highest stellar declination in the north-
ern hemisphere of ∆φ = 0.0. The lower two panels as-
sume ∆φ = 0.25 and obliquities of θ = 50◦ (middle) and
θ = 80◦ (bottom). Choosing ∆φ = 0.25 demonstrates
the effect of decoupling the incident flux effects of peri-
astron and maximum stellar declination in a particular
hemisphere. Using the methodology of Section 2.2, the
eccentricity of e ∼ 0.1 and obliquity of θ = 20◦ have ap-
proximately equivalent effects on the seasonal variations
in flux at low latitudes, and thus supply similar driving
energy for the climate variations in those low latitude re-
gions. The middle and bottom panels of Figure 6 show
that the obliquity becomes the dominant source of vari-
able energy for θ > 20◦, with a mean incident flux of
0.98 F⊕ in the latitude range of −30
◦ > β > +30◦ for
θ = 50◦.
3.4. K2-3
An early result from the K2 mission (Howell et al.
2014) was the discovery of the planetary system K2-
3 by Crossfield et al. (2015). The system parame-
ters were subsequently refined further by the work of
Almenara et al. (2015) and Sinukoff et al. (2016). The
stellar and planetary properties shown in Table 1 are
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Figure 5. Top-down views of the GJ-163 (top-left), K2-3 (top-right), Kepler-186 (bottom-left), and Proxima Centauri (bottom-
right) systems. The orbits of the planets are shown overlaid on the conservative (light-green) and optimistic (dark-green) HZ
regions. The size along a panel side (scale) is indicated in the top-left corner of each panel. For K2-3 d and Kepler-186 f, the
orbital eccentricities adopted are the maximum allowed from stability arguments (see Table 1 and Section 3.1).
those from Crossfield et al. (2015), as they provide a
self-consistent model of the system. Using the stabil-
ity criteria described in Section 3.1, we calculated the
estimated planet mass and subsequent limits on the or-
bital eccentricity of the outermost planet known in the
system, planet d. For a circular orbit, the semi-major
axis of planet d corresponds to the inner edge of the
OHZ and the Hill radius is 0.004 AU (see Table 1).
By adjusting the eccentricity of the planet, the limit
of ∆ ∼ 9 is reached at an eccentricity of e = 0.162
where the mutual Hill radius for the outer two planets
is RH,Mp = 0.004 AU. Adopting this eccentricity for the
outer planet results in an orbital architecture that is de-
picted in the top-right panel of Figure 5, where planet d
enters the OHZ during apastron. Although we have se-
lected an argument of periastron of ω = 90◦, the value of
ω has no impact on our flux calculations and the tran-
sit duration will provide limits on the allowed perias-
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Figure 6. Incident flux intensity maps of the planet GJ-163 c as a function of latitude and orbital phase, where phase φ = 0.0
corresponds to periastron passage of the planet. Top: e = 0.099, θ = 20◦, ∆φ = 0.0. Middle: e = 0.099, θ = 50◦, ∆φ = 0.25.
Bottom: e = 0.099, θ = 80◦, ∆φ = 0.25.
Obliquity and Eccentricity Constraints 9
tron values for a given eccentricity (Kane & von Braun
2008).
From Figure 4, it can be seen that the eccentricity of
e = 0.162 results in an equivalent flux variation to an
obliquity of θ = 17◦ at a latitude of β = 20◦. If planet
d is in a circular orbit, the flux received by the planet
during the entire orbit is 2055 Wm−2, (1.50 F⊕). For
an eccentricity of e = 0.162, the maximum flux received
is 2925 Wm−2 (2.14 F⊕). Shown in Figure 7 are the
flux intensity maps for K2-3 d as a function of latitude
and orbital phase where, once again, we include the di-
urnal effects. The top panel assumes a circular orbit, an
obliquity of θ = 20◦, and ∆φ = 0.0. The bottom two
panels assume a maximum eccentricity of e = 0.162,
∆φ = 0.25, and obliquities of 50◦ and 80◦ for the mid-
dle and bottom panels respectively. The amplitude of
the flux variation effects in the top panel are below those
predicted by the maximum eccentricity and would thus
result in a more temperate climate than the eccentric
cases in the bottom two panels. The mean incident flux
in the latitude range of −30◦ > β > +30◦ for θ = 50◦
(Figure 7, middle panel) is 1.20 F⊕.
3.5. Kepler-186
The multi-planet system, Kepler-186, was confirmed
by Lissauer et al. (2014) and Rowe et al. (2014) and
later confirmed to have a fifth planet by Quintana et al.
(2014). The new outer planet, designated Kepler-186 f,
was a particularly important discovery due to its rel-
atively small size and location within the HZ of the
host star Bolmont et al. (2014). Our adopted stellar and
planetary properties for the Kepler-186 system are from
Quintana et al. (2014) and are shown in Table 1. Com-
bining these parameters with the methodology of Sec-
tion 3.1 results in a maximum eccentricity of the outer
planet of e = 0.628 where the mutual Hill radius for the
outer two planets is RH,Mp = 0.0025 AU. Adopting this
eccentricity for Kepler-186 f results in the orbital archi-
tecture depicted in the bottom-left panel of Figure 5.
We will explore the effect of this extreme eccentricity
limit on flux variations noting that, as for K2-3 d, the
periastron argument for an eccentric orbit may be con-
strained from the transit duration.
As can be seen in Figure 2 and Figure 4, such an ex-
treme eccentricity has no obliquity equivalent at latitude
β = 20◦ regardless of diurnal effects. Such obliquity-
induced flux variations are only possible for θ > 60◦
for the maximum flux case and θ > 30◦ for the diurnal
case. Planet f is toward the outer edge of the system
HZ and, for a circular orbit, receives a maximum flux
of 445 Wm−2 (0.33 F⊕). Adopting the extreme eccen-
tricity of e = 0.628 creates a significant change in this
result, with a maximum flux during periastron passage
of 3212 Wm−2 (2.35 F⊕). The flux intensity maps for
Kepler-186 f as a function of latitude and orbital phase
using the diurnal model are shown in Figure 8. The
top panel shows the flux map for the scenario of a cir-
cular orbit, an obliquity of θ = 20◦, and an alignment
of maximum stellar declination and periastron passage
(∆φ = 0.0). The bottom two panels assume a maximum
stellar declination phase offset from periastron passage
of ∆φ = 0.25. The middle panel represents the extreme
eccentricity scenario with e = 0.628 and an obliquity
of θ = 50◦ and further demonstrates how the eccentric-
ity dominates the flux variations for even relatively high
obliquities. The scenario shown in the bottom panel as-
sumes a more moderate eccentricity of e = 0.3 where
the obliquity of θ = 80◦ is more readily able to drive the
seasonal flux variations.
3.6. Proxima Centauri
The terrestrial planet orbiting Proxima Centauri was
discovered by Anglada-Escude´ et al. (2016). This is
a naturally high-value planet as it is, by definition,
the closest exoplanet to our planetary system. The
value is increased by its orbit lying within the HZ
of the host star, leading to the exploration of poten-
tially habitable conditions and detectable biosignatures
(Barnes et al. 2017; Meadows et al. 2017; Ribas et al.
2016; Turbet et al. 2016). Although they are not en-
tirely ruled out, no evidence of planetary transits have
been found at this time (Anglada-Escude´ et al. 2016;
Davenport et al. 2016). The orbital solution provided
by Anglada-Escude´ et al. (2016) has a maximum orbital
eccentricity of e = 0.35. Kane et al. (2017) utilized this
eccentricity to calculate observable signatures as a func-
tion of planet mass, and they also performed stability
simulations that exclude the presence of additional ter-
restrial planets in the HZ of the system. The orbit of
the planet in relation to the system HZ is shown in the
bottom-right panel of Figure 5, where the maximum ec-
centricity has been adopted.
According to Figure 4, the maximum eccentricity of
e = 0.35 produces a flux variation equivalent to an obliq-
uity of θ = 44◦ at a latitude of β = 20◦. For the
circular orbit scenario, the maximum flux received by
the planet is 901 Wm−2 (0.66 F⊕), whereas the ec-
centric scenario results in a maximum incident flux of
2133 Wm−2 (1.56 F⊕). The flux intensity maps for
Proxima Centauri b as a function of latitude and orbital
phase are shown in Figure 9. The top panel represents
the circular orbit case along with an obliquity of θ = 20◦
and an alignment of maximum stellar declination and
periastron passage (∆φ = 0.0). The bottom two pan-
els of Figure 9 represent the maximum eccentricity case
and assume a maximum stellar declination phase off-
set from periastron passage of ∆φ = 0.25. The middle
panel shows the flux map for an obliquity of θ = 50◦
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Figure 7. Incident flux intensity maps of the planet K2-3 d as a function of latitude and orbital phase, where phase φ = 0.0
corresponds to periastron passage of the planet. Top: e = 0.0, θ = 20◦, ∆φ = 0.0. Middle: e = 0.162, θ = 50◦, ∆φ = 0.25.
Bottom: e = 0.162, θ = 80◦, ∆φ = 0.25.
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Figure 8. Incident flux intensity maps of the planet Kepler-186 f as a function of latitude and orbital phase, where phase φ = 0.0
corresponds to periastron passage of the planet. Top: e = 0.0, θ = 20◦, ∆φ = 0.0. Middle: e = 0.628, θ = 50◦, ∆φ = 0.25.
Bottom: e = 0.3, θ = 80◦, ∆φ = 0.25.
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Figure 9. Incident flux intensity maps of the planet Proxima Centauri b as a function of latitude and orbital phase, where
phase φ = 0.0 corresponds to periastron passage of the planet. Top: e = 0.0, θ = 20◦, ∆φ = 0.0. Middle: e = 0.35, θ = 50◦,
∆φ = 0.25. Bottom: e = 0.35, θ = 80◦, ∆φ = 0.25.
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and thus represents the case where the flux variations
match those of the eccentricity at latitude β = 20◦. The
bottom panel assumes an obliquity of θ = 80◦. Fully
constraining the eccentricity of this planet (and, indeed,
of all planets) is clearly critical for developing the needed
flux maps to determine climate cycles and potential im-
pacts on surface temperatures.
4. IMPLICATIONS FOR HABITABILITY
The construction of detailed GCMs relies heavily upon
many factors, such as the atmospheric composition,
temperature-pressure profile, and orbital properties (see
references provided in Section 1). With relatively few
exceptions, measurements of exoplanet parameters are
currently restricted to the mass, radius, and Keplerian
orbital properties. Parameters that are inaccessible, at
least for terrestrial planets, include the planetary rota-
tion rate and the obliquity of the rotation axis. The
influence of rotation rate on atmospheric dynamics for
HZ planets has been considered in detail (Yang et al.
2014; Leconte et al. 2015), and it has been shown that
the evolution of cloud layers at the substellar point that
influence habitable surface conditions is highly sensitive
to the rotation period (Kopparapu et al. 2016). It is
therefore important to include the diurnal effects that
we have incorporated into our flux map models, as de-
scribed in Section 2.2.
The effect of obliquity on habitable climates is sub-
stantial, such as the possibility for HZ planets with large
obliquities to experience regular global snowball transi-
tions (Spiegel et al. 2016). For the Earth, the obliq-
uity is stabilized by the Earth’s moon (Laskar et al.
1993; Li & Batygin 2014), without which the obliquity
variations would likely have been much more extreme
(Laskar & Robutel 1993). Additional simulations for a
retrograde-rotating Venus by Barnes et al. (2016) indi-
cate that obliquity variations may have been as low as
±7◦ over Gyr timescales, implying that massive moons
are not necessarily required for obliquity stability. In
either case, the obliquity of a particular exoplanet is
one that must float as a free parameter in the GCMs
that predict surface conditions. A direct measurement
of obliquity from seasonal variations in directly de-
tected light will be possible from future missions capa-
ble of such measurements. Modeling of these data us-
ing current Earth-based observations shows that plane-
tary rotational and obliquity parameters may be inferred
from exoplanet imaging photometry (Kane et al. 2015;
Kawahara 2016; Schwartz et al. 2016).
A planetary parameter that can be presently mea-
sured is the orbital eccentricity. This parameter is most
often extracted from the Keplerian orbital solution to
RV observations of a bright host star and can also be in-
ferred to a lesser extent from the duration of a planetary
transit (Barnes et al. 2008; Burke 2008). The eccentric-
ities for most of the Kepler HZ planets are largely un-
known due to the faintness of the host stars (Kane et al.
2017). In addition, variable eccentricities due to dy-
namical interactions with other planets can induce Mi-
lankovitch cycles with significantly shorter periods than
those measured from the Earth (Way & Georgakarakos
2017). The primary purpose of the study described in
this work could then be seen as placing constraints on
the variable flux from the measurable parameter of ec-
centricity as a proxy for the presently unknown obliquity
of the exoplanet.
5. CONCLUSIONS
Despite the rapid progress in our understanding of ter-
restrial exoplanets frequency in the HZ, there are many
planetary parameters crucial to calculating habitability
models that remain beyond our reach. The seasonal
variations in incident flux are driven by the orbital ec-
centricity and the obliquity of the planet’s rotational
angular momentum. Within the solar system, Mars is
an example of a planet where the obliquity and eccen-
tricity play similar roles in driving the seasonal climate
variations. Of the two, eccentricity is currently our only
accessible parameter and so it is useful to determine the
limits on seasonal variations imposed by the eccentricity
that would be matched by a particular obliquity.
In this work, we have calculated the effects of eccen-
tricity and obliquity on incident flux as a function of lat-
itude, and where the flux variations are equivalent for a
complete orbital cycle. The two effects largely differ in
the Keplerian nature of the eccentricity variations as op-
posed to the sinusoidal changes in obliquity-induced flux
at a given latitude. We selected four case studies of ter-
restrial planets in the HZ of their host stars where the ec-
centricity is either measured or we were able to calculate
a maximum dynamical eccentricity. These case studies
demonstrate where extreme eccentricities and obliquities
can dominate the incident flux map and is particularly
important in demonstrating the contrast to either the
zero eccentricity and/or zero obliquity models. This in
turn establishes the importance of constraining eccen-
tricity, as even a relatively small eccentricity (e ∼ 0.2)
can have a large influence on the flux map and climate
cycles. Until such time as direct measurements of obliq-
uity can be made, the models presented here will find
their utility in constraining obliquity for a given eccen-
tricity and flux map of the planet.
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